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What is this talk about?

Let A, B be von Neumann algebras.

(Rieffel, 1974) We have the categorical equivalence
Corr(A, B) ~ Fun(Rep(B), Rep(A)),
where

» Corr(A, B) denotes the category of all A-B-correspondences,

» Fun(Rep(B),Rep(A)) denotes the category of all normal
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Question: If also A~ G and B «~ G, where G is a locally compact
quantum group, how can we generalize this equivalence?
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Let A, B be von Neumann algebras.

Connes (1980)

An A-B-correspondence consists of a Hilbert space H together
with:

1. a normal, unital *-representation 7: A - B(H),

2. a normal, unital anti-*-representation p: B - B(H),
such that m(a)p(b) = p(b)w(a) for all ae A and all be B. We
write H = (H,m, p) € Corr(A, B).

» Given H, K € Corr(A, B), we write 4.%g(H,K) for the space
of bounded A-B-bimodule maps.

» We also write Rep(A) := Corr(A, C) to denote the category of
unital normal *-representations of A on Hilbert spaces.
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Natural objects to understand von Neumann algebras:
1. Morita equivalence.

Injectivity.

Haagerup property.

Property (T).

A
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The non-equivariant setting

» There is a natural operation (Connes fusion tensor product)
Corr(A, B) x Corr(B, C) - Corr(A,C) : (H,K) » Hrp K.

» More concretely, if € Corr(A, B) and K € Corr(B, C), endow
the tensor product .Z5(L%(B),H) ®g K with the semi-inner
product

(x®g &,y @8 1) = (& mc(ng (x"y))n).
» Denote its separation-completion by H xg K.

» This Hilbert space becomes an A-C-correspondence through

Tw(a)pa(c)(x ®p &) = Ty (a)x ®p prc(c)E.
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From functor to correspondence

» Conversely, let a normal *-functor F : Rep(B) — Rep(A) be
given.

» Consider (L?(B),7g) € Rep(B) and consider
(Gr.mF) = F((L*(B),mg)) € Rep(A).

Then pg(b) € 5.2 ((L?(B),ng)), so it makes sense to define

pr(b) = F(pp(b)), beB.
Then (g/:,ﬂ'f:,p[:) € COI’F(A, B)

v

v

v

If 7= (17)1erep(B) € Nat(F, G), then n2(gy € aZLB(GF,Gc)-

This leads to the functor

v

Q : Fun(Rep(B),Rep(A)) - Corr(A, B).



Generators

Generators
A generator for Rep(A) consists of a representation H € Rep(A)
such that for every IC € Rep(A), there exists an index set / such

that
K- @PH.

iel



Generators

Generators
A generator for Rep(A) consists of a representation H € Rep(A)
such that for every IC € Rep(A), there exists an index set / such

that
K- @PH.

iel

Fact: H € Rep(A) generator <= my is faithful.



Generators

Generators

A generator for Rep(A) consists of a representation H € Rep(A)
such that for every IC € Rep(A), there exists an index set / such
that

K- @PH.

iel
Fact: H € Rep(A) generator <= my is faithful.

Rieffel (1974)

Let H € Rep(B) be a generator and F, G € Fun(Rep(B), Rep(A)).
Then the map

Nat(F, G) = {x € aZ(F(H), G(H)) | Vy € 8L (H) : xF(y) = G(y)x}

given by 11 = (nxc) kerep(B) > 24 IS bijective.
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Rieffel (1974) - Eilenberg-Watts theorem

The functors

P : Corr(A, B) — Fun(Rep(B),Rep(A)),
Q : Fun(Rep(B),Rep(A)) — Corr(A, B)

are quasi-inverse to each other.

Proof.
It is straightforward that Q o P ~id:

QP(G) = F5(L*(B)) = Gmp L*(B) = G.

Therefore, it suffices to show that @ is fully faithful. Thus, we need
to argue that

Nat(F, G) - aZLB(GF,Gc) : 1~ ni2(s)

]

is bijective. This is fine.



The equivariant setting
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Question: If also A~ G and B ~ G, where G is a locally compact
quantum group, how can we generalize this equivalence?
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Kustermans-Vaes (2000)

A locally compact quantum group G consists of the data
(M, A, p,1) where

» M is a von Neumann algebra

» A: M — M®&M is a unital, normal, *-homomorphism
satisfying (A ® id)A = (id®A)A.
@ is a left invariant nsf weight on M.
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v

v

v

We write M = L*(G).

v

Every lcqg G admits a lcqg G (the Pontryagin dual) such that
G=G.
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Actions of locally compact quantum groups

Let G be a lcqg and A a von Neumann algebra. An action

a: A~ G consists of a unital, normal, isometric *-homomorphism
a:A— AB®L®(G) satisfying (id®A)a = (e ®id)a.

Example: Let U € B(H)®L*(G) be a unitary G-representation, i.e.
U is a unitary and (id®A)(U) = UioUi3. Then

a:B(H) - B(H)RL(G):x—~ U(xe1)U”

defines an action B(H) » G.
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Vaes (2001)

To every action o : A~ G, there is associated a canonical unitary
G-representation U, € B(L%(A))®L*°(G) satisfying

(ra®id)(a(a)) = Ua(ma(a) @ 1)U, ac€A,
(pa® R)((a)) = Us(pa(a) @ 1)Ua, acA

In other words, (L2(A),ma, pa, Us) € Corr®(A, A).

» Every G-equivariant normal ucp map ¢ : A — B gives rise to a
G-A-B-correspondence.

» There is a natural operation

®p : Corr®(A, B) x Corr®(B, C) — Corr®(A, C).
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» Expectation: G-A-B-correspondences ~ Functors
Rep(B) — Rep(A) with ‘extra structure’.

Andruskiewitsch-Mombelli (2007)

Let H be a fd Hopf algebra and let A, B be right H-comodule
algebras. Then Rep(A) = Rep(H) via

V €Rep(A), W e Rep(H) ~ VoW eRep(A), a(vew) =apveamw,

and
Corr'(A, B) =~ Fungep(H)(Rep(B), Rep(A)).
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The analogue of this situation would be that if A~ G, then
Rep(A) ~ Rep(G) = Rep(CY(G))

and
Corr®(A, B) = Fungeo@) (Rep(B),Rep(A)).

If H e Rep(A) and K € Rep(G) = Rep(C¥(G)), we want to make
sense of

a.(§@n)=aa).(en).

Problem: a(a) e A&L*(G), so the second leg of a does not live in
Cy'(G) (or a completion thereof).



The module category Rep(A) = Rep(G)
De Commer - Krajczok (2025)

Let ao: A~ G be an action. There exists a unique unital, normal,
isometric *-homomorphism
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(reid)a“(a) =U(w(a) ® 1)T*, acA.

Here, we view U e M(IC(H) ® C5'(G)) € B(H)®C§(G)**.



The module category Rep(A) = Rep(G)
De Commer - Krajczok (2025)

Let ao: A~ G be an action. There exists a unique unital, normal,
isometric *-homomorphism

at: A ABCH(G)™

such that for every (#,, U) € Corr®(A,C) = Rep®(A), we have
(reid)a“(a) =U(w(a) ® 1)T*, acA.

Here, we view U e M(IC(H) ® C5'(G)) € B(H)®C§(G)**.

a" is a ‘coaction’:
A = > ARG (G)™

a"l l/a”@id

ABCH(G)" ———— ABCY(C)" B (C)"
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Let H € Rep(A) and K € Rep(G). We want to define an
object H < K € Rep(A).

Consider ¢ : C5'(G) - B(K) and its normal extension
ok G (G)*™ - B(K). Then we can define

Trac A= B(H®K):am (3 ® ¢r)(a’(a)).
H<aK:=(HQK, ™) € Rep(A).
This leads to the functor Rep(A) x Rep(G) — Rep(A).
We have the identity
Ha(KrK')=(H<K)<K,

where Uy ® Uxr := Uxr 3Uic 13 € B(H ® K)BL™(G).
We obtain the W*-module category Rep(A) = Rep(G).
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> Let G € Corr®(A, B) be given.
» Consider the induced functor
Fg :Rep(B) > Rep(A) : H— Grp H.

» The structure of a Rep(G)-module functor on Fg consists of a
natural collection of unitaries

Fo(H<K)=Gmg (Hak) 25 (GrpH) K = Fg(H) <K

satisfying natural compatibilities.

» Defining these unitaries is somehow delicate.
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From equivariant correspondence to module functor

» Fix G e Corr®(A, B) and K € Rep(G).
» Define a unitary Gmg (L?(B) < K) - G < K by
x®p (§@n) = (idedr)(Ug)(x @ 1)(idegx)(Us)(§@n),
where x € Zg(L%(B),G),& € L2(B) and n e K.
» We then obtain the A-linear unitary
Sg.12(B)xG8B (LX(B)<K)2GaK = (Grg L*(B)) < K.

» Use the fact that [2(B) € Rep(B) is a generator to find the
natural unitaries

Sonk:G8e (HaK)» (GmgH) <K, HeRep(B).
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» The functor Fg: Rep(B) — Rep(A) together with the unitaries
Sgak: Fg(HaK) = Fg(H) <K

define an element of FunRep(@)(Rep(B), Rep(A)).

» In this way, we get the functor

P CorrG(A, B) - FunRep(@)(Rep(B), Rep(A)).
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» Let F:Rep(B) — Rep(A) be a normal *-functor together with
a Rep(G)-module structure:

Sux:F(H<K)—» F(H)<K, HeRep(B), K eRep(G).
» Let (Gr,7F, pF) be the associated A-B-correspondence.

» Consider the unitary implementation Us € B(L?(B))&L(G).
The condition (g ®id)3(b) = Us(mg(b) ® 1)U; expresses
exactly that

Us € L (L2(B) < (L*(G). 1), L(B) < (L*(G), War)).
» Consequently, it makes sense to define

Ur = Sia(8),(12(e) i) © F(Us) © Siz(e).(12(e).0) € B(GF @ L(G)).
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From module functor to equivariant correspondence
> Then:

1. Ur € B(GF)®L=(G).
2. Uf is a G-representation.
3. (Gr,7F, pr, Ur) € Corr®(A, B).

> Ifn= (rm)HeRep(B) € NatRep(G)(F, G), meaning that we also
have commutative diagrams

F(HaK) —2 5 G(H < K)

S’H,ICJ/ l/S’H,IC

F(H) <k —" o G(H) <K

then 7,2(p) € Aﬂg’(gF,gG)-
» In this way, we obtain the functor

Q: FunRep(@)(Rep(B), Rep(A)) — Corr®(A, B).
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Proof (sketch).

» It is not so hard to see that Qo P ~id.
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Equivariant Eilenberg-Watts theorem - Rep(G)-module version
The functors

P:Corr®(A,B) > FunRep(@)(Rep(B), Rep(A))

Q : Fung, &) (Rep(B), Rep(A)) - Corr®(A, B)

are quasi-inverse to each other.

Proof (sketch).

» It is not so hard to see that Qo P ~id.
» Hence, it suffices to show that @ is fully faithful.
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» More precisely, given F, G ¢ FunRep((@)(Rep(B), Rep(A)), one
needs to argue the bijectivity of

Natgeoay (Fs G) = a5 (GF,G6) : 1= ni2(s)-

Injectivity is clear.

Surjectivity is the hard part. We sketch the argument.

Let 7y € AZ‘S(QF,Q(;) be given.

Define 7, := SZZ(B),(Lz(G),W21)(771 ® 1)S12(g),(12(G),Way)» WHiCH
is an A-linear morphism

F(L*(B) < (L*(G), Wa1)) — G(L*(B) < (L*(G), War)).
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More precisely, given F, G ¢ FunRep((@)(Rep(B), Rep(A)), one
needs to argue the bijectivity of

NatRep(G)(F’ G) — Agg(g/:,gc) 11 = N2(B)-
Injectivity is clear.
Surjectivity is the hard part. We sketch the argument.
Let 7y € AZ‘S(QF,Q(;) be given.
Define 75 := SZZ(B),(LZ(G),Wzl)(m ® 1)5L2(B),(L2(G),W21)7 which
is an A-linear morphism

F(L2(B) < (L*(G), Wa1)) —» G(L3(B) < (L*(G), War)).

Similarly, define an A-linear morphism

ns: F(L2(B) < (L2(G) m L2(G))) ~ G(L3(G) « (1*(G) & L(G)))

by 73 := 52 (8)a12(6),12(@) (12 ® 1) Si2(B)at2(6),12(G) -
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Proof (continued)

» For every x € g.Z(L?(B) < (L2(G) ® L%(G))), we have
G (x)n3 = m3F(x).

» [2(B) < (L?(G) m L%(G)) is a generator for Rep(B), so there
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From this, we can conclude that 72 = 7,2(gya12(G)-
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» For every x € g.Z(L?(B) < (L2(G) ® L%(G))), we have
G(x)n3 =m3F(x).

» [2(B) < (L?(G) m L%(G)) is a generator for Rep(B), so there
is a unique natural transformation n: F == G satisfying
N12(B)<(L2(G)=L2(G)) = M3-

» There is an isometric intertwiner L?(G) < L?(G) = L%(G).
From this, we can conclude that 72 = 7,2(gya12(G)-

> We now want to argue that the diagram

F(HaK) —2 5 G(H<K)

SH,IC\L \LSH,)C

’I]'H<11

F(H) <K —— G(H) <K

commutes.
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By the definition of 73, the diagram commutes when

H = L%(B) < L2(G) € Rep(B) and K = L%(G) € Rep(G).
Since L?(B) < L?(G) generates Rep(B) and since L?(G)
generates the full subcategory Rep(L>°(G)) ¢ Rep(G), we
conclude that the diagram commutes when # € Rep(B) and
K € Rep(L*(G)).

If K € Rep(G), then K ® L?(G) € Rep(L>(G)). By a diagram
chase, we then find that the diagram commutes when

H e Rep(B) and K ¢ Rep(G).

Conclusion: 7 € NatRep(G)(F, G).

Finally, by the definition of 72, we can then conclude that
Ni2(B) = M-
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Corollaries

» We have seen that
Corr®(A, B) =~ FunRep(@)(Rep(B), Rep(A)).
» Taking G = {1} recovers the usual Eilenberg-Watts theorem
Corr(A, B) ~ Fun(Rep(B),Rep(A)).
» Taking A = B = C recovers the equivalence
Endp,, ) (Hilb) = Rep(G).

> Rep(A) and Rep(B) are equivalent as Rep(G)-module
W*-categories if and only if (A,«) and (B, 3) are
G-equivariantly Morita equivalent, i.e. there exists a
G-A-B-correspondence (G, 7, p, U) such that = and p are
faithful and 7(A)" = p(B).



The module category Rep®(A) ~ Rep(G)

» What about a Rep(G)-module version of the equivariant
Eilenberg-Watts theorem?



The module category Rep®(A) ~ Rep(G)

» What about a Rep(G)-module version of the equivariant
Eilenberg-Watts theorem?

> Corr®(A, B) = Fungep(c)(Rep®(B), Rep®(A)).



The module category Rep®(A) ~ Rep(G)
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» Recall: Rep®(A) = Corr®(A, C). Objects consist of triples
(H,m,U) where m: A— B(H) is a unital, normal
+-representation, U € B(H)®L*(G) is a unitary
G-representation satisfying (7 ® id)a(a) = U(r(a) ® 1) U*.
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» What about a Rep(G)-module version of the equivariant
Eilenberg-Watts theorem?

> Corr®(A, B) = Fungep(c)(Rep®(B), Rep®(A)).

» Recall: Rep®(A) = Corr®(A, C). Objects consist of triples
(H,m,U) where m: A— B(H) is a unital, normal
+-representation, U € B(H)®L*(G) is a unitary
G-representation satisfying (7 ® id)a(a) = U(r(a) ® 1) U*.

» Let A~ G be an action. We define a functor
a:Rep®(A) x Rep(G) — Rep®(A)
(H, 9, Un) < (K, Ur) = (HeK,a > m(a)®1, Uy 13U 23)-

» Then H < (K®K') = (H < K) <K' for H € Rep®(A) and
K,K'" € Rep(G).



The module category Rep®(A) ~ Rep(G)

» What about a Rep(G)-module version of the equivariant
Eilenberg-Watts theorem?

> Corr®(A, B) = Fungep(c)(Rep®(B), Rep®(A)).

» Recall: Rep®(A) = Corr®(A, C). Objects consist of triples
(H,m,U) where m: A— B(H) is a unital, normal
+-representation, U € B(H)®L*(G) is a unitary
G-representation satisfying (7 ® id)a(a) = U(r(a) ® 1) U*.

» Let A~ G be an action. We define a functor
a:Rep®(A) x Rep(G) — Rep®(A)
(H, 9, Un) < (K, Ur) = (HeK,a > m(a)®1, Uy 13U 23)-

» Then H < (K®K') = (H < K) <K' for H € Rep®(A) and
K,K'" € Rep(G).

» We obtain the W*-module category Rep®(A) ~ Rep(G).
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From equivariant correspondence to module functor

» Given G € Corr®(A, B), we have the induced normal -functor
Fg :Rep®(B) - Rep®(A) : H — G mg H.
> It becomes a Rep(G)-module functor for the unitaries
Somnx:GR(H<aK)2(GupH) 1K : x®p (£®n) = (x®5E) @M.

> In this way, we obtain the functor

P:Corr®(A,B) —» FunRep(G)(RepG(B), Rep®(A)).
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From module functor to equivariant correspondence

>

Let F : Rep®(B) - Rep®(A) be a normal #-functor together
with a Rep(G)-module structure:

Sux:F(H<K) > F(H) <K, HeRep®(B), K eRep(G).
Consider (Gr,mF, Ur) := F((L?(B),mg, Us)) € Rep®(A).

Goal: Construct a normal anti-*-representation
pF : B — B(GF) such that (Gr,mF, pr, UF) € Corr®(A, B).

pe(b) == F(pg(b)) no longer makes sense!

Rather, one defines pg : B — B(GF) by

pr(b) ® 1= UrS;2(g) 12(c)F ((p8 ® R)(B(b))S[2(8).12(c) UF-
Then (Gr, 7k, pr, Ug) € Cort® (A, B).



From module functor to equivariant correspondence

>

Let F : Rep®(B) - Rep®(A) be a normal #-functor together
with a Rep(G)-module structure:

Sux:F(H<K) > F(H) <K, HeRep®(B), K eRep(G).
Consider (Gr,mF, Ur) := F((L?(B),mg, Us)) € Rep®(A).

Goal: Construct a normal anti-*-representation
pF : B — B(GF) such that (Gr,mF, pr, UF) € Corr®(A, B).

pe(b) == F(pg(b)) no longer makes sense!

Rather, one defines pg : B — B(GF) by

pr(b) ® 1= UrS;2(g) 12(c)F ((p8 ® R)(B(b))S[2(8).12(c) UF-
Then (Gr, 7k, pr, Ug) € Cort® (A, B).

We obtain the functor

Q : Fungep(c) (Rep® (B), Rep® (A)) — Corr® (A, B).
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Equivariant Eilenberg-Watts theorem

Equivariant Eilenberg-Watts theorem - Rep(G)-module version
The functors

P : Corr®(A, B) - Fungep(c) (Rep®(B), Rep®(A))
Q : Fungey(c) (Rep®(B), Rep®(A)) » Corr®(A, B)

are quasi-inverse to each other.

> Proof strategy is very similar as before.

> In particular, also Rep®(A) is equivalent with Rep®(B) as
Rep(G)-module W*-categories if and only if (A, «) and
(B, B) are G-equivariantly Morita equivalent.
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> Consider the crossed product A x,, G.
» We naturally can view
Rep(A xq G) € Rep®(A).

» The action Rep®(A) =~ Rep(G) restricts to an action
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Variations

v

Consider the crossed product A x, G.

v

We naturally can view

Rep(A xq G) € Rep®(A).

v

The action Rep®(A) ~ Rep(G) restricts to an action
Rep(A x4 G) = Rep(G).

v

We also have

Cort®(A, B) = Fungep(c)(Rep(B x5 G),Rep(A %o G)).



Thanks for your attention!



